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We model the 2-probe conductance of a quantum point 
contact (QPC), in linear response. If the QPC is highly non- 
adiabatic or near to scatterers in the open reservoir regions, 
then the usual distinction between leads and reservoirs breaks 
down and a technique based on scattering theory in the full 
two-dimensional half-plane is more appropriate. Therefore we 
relate conductance to the transmission cross section for inci- 
dent plane waves. This is equivalent to Landauer's formula 
using a radial partial-wave basis. We derive the result that an 
arbitrarily small (tunneling) QPC can reach a p-wave channel 
conductance of 2e^ /h when coupled to a suitable reflector. If 
two or more resonances coincide the total conductance can 
even exceed this. This relates to recent mesoscopic experi- 
ments in open geometries. We also discuss reciprocity of con- 
ductance, and the possibility of its breakdown in a proposed 
QPC for atom waves. 

PACS numbers: 72.10.-d, 42.25.Fx, 73.23.-b, 32.80.Cy 



I. INTRODUCTION 



The quantum point contactu'cl (QPC) has played a 
central role in the understanding of mesoscopic conduc- 
tance. It is the simplest example of a 2DEG system where 
the quantum coherent nature of the electron controls 
the bulk transijWttt, properties. The Landauer-Biittiker 
(LB) formalisrmcl'H reduces the calculation of quantum 
conductance in the linear response regime to the eval- 
uation of single-particle wavefunction transmission am- 
plitudes. Traditionally, these amplitudes are measured 
between travelling wave basis states in the 'leads'. Far 
from the scattering system the leads have constant pro- 
files of finite- width, and support a finite number of trans- 
verse modes (channels) . Eventually it is assumed that the 
leads are impedance-matched (that is, without reflection) 
into 'reservoirs' which act as thermalized sources of elec- 
trons at their respective potentials; these potentials are 
taken to reflect the measured bias voltage. Such theo- 
retical constructs have been remarkably successful at de- 
scribing traiisnort phenomena, for instance conductance 
quantizationO'BH, because the scattering systems involved 
have generally had good lead-to-reservoir matching. 

We consider 'open' 2-terminal mesoscopic systems, 
namely those where a QPC is non-adiabatic (possessing 
rapid longitudinal variation in transverse profileBlil) and 
has short or nonexistent leads (for instance if it suddenly 
abutts onto the 'reservoir' regions), or those where there 
can be scattering off nearby objects in the 'reservoir' re- 



gion. We call such systems 'open' because the fully two- 
dimensional (2D) nature of the 'reservoirs' (i.e. the sur- 
rounding semi-inflnite regions of free space) is important, 
and therefore they cannot be modelled using the quasi- 
ID approach described above. This includes a variety 
of recent mesoscopic experiments, for example the com- 
bination of QPCs with nearby resonator structuresB or 
with a nearby depletion region underneath an AFM tipcl. 
It also includes any QPC system where elastic backscat- 
tering from disorder in the reservoirs is significantll2l, or 
generally where the lead-reservoir matching is bad. In 
such systems, the conventional quasi-lD picture does not 
apply: the scattering system is not coupled to leads in 
the usual sense, indeed the difitinction between leads and 
reservoirs is no longer clearllj. The main aim of the 
present work is to introduce a 2D scattering theory ap- 
proach which can handle such systems, and to apply it to 
the calculation of the maximum conductance of an open 
resonator structure of experimental relevance. 

We imagine a geometry where a 2DEG exists in two 
semi-inflnite half-plane regions, separated by an impene- 
trable potential barrier which we align with the y-axis 
(see Fig. |l|a). Our general 'QPC scattering system' 
is any gap in this barrier which allows coupling of the 
wavefunction on the left and right sides. This gap can 
be deflned by an arbitrary form of the elastic potential, 
and may include other nearby scattering objects or dis- 
order (which would all be placed within the boxshown in 
Fig. |l|a) . The only important limitation is that this cou- 
pling region (the 'system') be of finite y extent, so that 
electrons which leave the system do so via a well-defined 
terminal: either the left {x < 0) or the right {x > 0). 
We also assume that the system size L is much smaller 
than both the dephasing length and the momentum 
relaxation (elastic scattering) length Ig. The former re- 
quirement allows treatment using a coherent wavefunc- 
tion across the system; the latter allows free-space elastic 
scattering concepts to be applied. We will stay within 
the non-interacting quasiparticle picture, consider zero 
applied magnetic field, and assume spin degeneracy of 2 
throughout. 

The conventional distinction between 'reservoir' and 
'lead' is no longer applicable, however at short distances 
outside the system {r > L but r <^ and r <^ le) 
the two semi-infinite free space regions behave like leads, 
since they support scattering-free 'channels' (see Sec- 
tion HI). At large distances the same regions behave 
as reservoirs: for r ^ Ig ergodicity ensures that the mo- 
mentum distribution is uniform in angle, and for r 
the energy is redistributed to ensure equilibrium at the 
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FIG. 1. Schematic QPC geometry in 2D: a) general point 
contact scatterer coupling two semi-infinite regions of free 
space. The solid curves are contours of an elastic scattering 
potential V(r). The 'system' size L (dashed box) we take to 
be the region where V^(r) has not yet reached its asympotic 
form (which is zero apart from a j/-invariant profile around 
the y-axis). Also shown are an incoming plane wave, and the 
coordinate system, b) The idealized 'slit' aperture in a thin, 
hard wall considered in Section 

relevant (experimentally-measured) chemical potential of 
each terminal. In the intermediate region, there is a 
broad cross-over from lead to reservoir. 

In this work we first derive a general relation between 
transmission cross section (a concept we define using 
scattering in the half-plane) and conductance for this 
open geometry, in Section |l| In Section HI we show 
that partial- wave type states, defined in the half-plane 
regions, can take the place of transverse lead modes in 
the Landauer formula. In Section IV we discuss the 



maximum conductance through an idealized, highly non- 
adiabatic QPC (a hole in a thin hard wall) which is 
reached when a resonator is placed on one side of the 
QPC. We find a universal result, namely a single con- 
ductance quantum, regardless how small the hole. is. This 
illuminates the findings of a recent experimentQ in such 
an open geometry. In Section ^ we discuss attempts to 
exceed this universal quantum of conductance through 
a single channel. A r ecip rocity relation for cross section 
is derived in Section 0, and the possibility of breaking 
this reciprocity, due to a non-thermal reservoir occupa- 
tion, is described. We discuss an application to matter- 
wave 'c ondu ctance' through a 3D QPC. We conclude in 
Section IvTl. 



II. CONDUCTANCE IN TERMS OF CROSS 
SECTION 

We consider scattering of a singie-quasiparticle wave- 
function from the general 2-terminal system described 
in the Introduction (see Fig. |l|a). The Hamiltonian is 
Ti, = — (?i^/2m)V^ -f V{y), for a quasiparticle mass m. 
The elastic scattering potential V{y) completely defines 
the system. We imagine a monochromatic unit plane 
wave -dtL = e^^ '' incident from the free-space left-hand 
regionllHI. The wavevector is k = {k,(f) in polar coor- 
dinates, (j) being the angle of incidence. The free-space 
wavevector magnitude is taken as = fcp (correspond- 
ing to a total energy E = ?i^fc^/2m equal to the Fermi 
energy), unless stated otherwise. 

We are at liberty to choose our definition of the 'un- 
scattered' wave tpo- We take it to be the wavefunction 
which would result from reflection of the incident wave 
off a wall uniform in the y direction. We can imagine cre- 
ating such a wall by replacing the 'system box' shown in 
Fig. |lja by the surrounding y-invariant wall profile. Note 
that ipo exists only on the left side. In the left free-space 
region it is 
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(1) 



where the first term is ipi, and the angle-dependent re- 
flection phase 7k of the second term depends on both 
(fc, (p) and the wall profilecJ. Upon introduction of our 
true system potential, the full wavefunction becomes 



(2) 



where the change in reflected wave ■(/'r exists only on the 
left side, and the new transmitted wave ipT exists only 
on the right. These scattered waves have the asyniptotic 
{r > L and kr ^ 1) forms of 2D scattering theoryliJ, 
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V't = /t(0')C- (3) 
\ r 



See Fig. |i|a for definitions of d and 6*'. 

The transmission cross section crx(^i'/') is the ratio of 
Ft, the transmitted particle flux (number per unit time), 
to ji, the incident particle flux per unit length normal to 
the incident beam: 



crT(fc,0) 



Ft 



(4) 



Physically, crT(fc,0) is the length required of an aper- 
ture oriented normal to the incident beam in order to 
transmit an equivalent flux of classical particles. (Nota 
that (TT(fc, 0) is proportional to the injection disixihutio'tm 
which can be measured in mesoscopic systemal3). It de- 
pends on the incident angle because F(r) has no radial 
symmetry. 2\ is the magnitude of the incoming proba- 
bility flux density vector j = (?i/TO)Im['(/;j V?Ai], which 
for a unit wave gives ji = u, the particle speed. The 
transmitted flux is defined as 
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(5) 



where the hne integral encloses the entire transmitted 
wave, and the (rightwards-pointing) surface normal is n. 
Applying this and (^ to the asymptotic form gives 
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(6) 



familiar from scattering theory apart from the restriction 
to the right half-plane. There is a corresponding form 
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for the reflective cross section (removal from the unscat- 
tered wave without being transmitted). 

We will calculate the conductance by assuming the 
chemical potential is slisi]|t|ly higher on the left side than 
the right, and as is usuatl'Q consider only the left-to- right 
transport of the states in this narrow energy range. We 
take the left region to be a large (^ Z^) closed region of 
area A containing single-particle states, and find their de- 
cay rate through the QPC into the right side. Semiclassi- 
cally each single-particle state occupies a phase-space vol- 
ume h'^, where we have d = 2. Therefore the phase-space 
density in the 2DEG Fermi sea is where the factor 
of 2 comes from the spin degeneracy. We can project 
this density onto momentum space in order to find the 
effective number of plane-wave states impinging on the 
walltj: this corresponds to a uniform density of states in 
k-space given by 



p{k, (f)) kdk d(j) 



A 
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kdk ( 



(8) 



Each state has an amplitude A'^^^^ due to the require- 
ment of unity area normalisation in the left region, so 
has incoming flux density ji = v/A. Substituting this 
into (0) gives the decay rate of a state i as 



A 



aT{ki,(j)i). 



(9) 



We can now sum the decay rates of all the left-hand states 
in a given wavevector range kp to kp + Sk, to get the 
current 
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(10) 
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where the last step incorporated the linear-response as- 
sumption that fiT is constant over the range Sk. 

When a potential difference 6V is applied across the 
QPC, the energy range carrying current is SE — e 5V ^ 



which we can equate with Tiv 5k using the dispersion rela- 
tion. This can be used with (|lo| ) to write the conductance 
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where the particle wavelength is Ap = 27r//cp. The lat- 
ter form is written in terms of the angle-averaged cross 
section at the Fermi energy. The weighting of this av- 
erage is uniform because of the ergodic assumption that 
incoming states are uniformly distributed in angle. 

Eq.(y_l|) is a key result of tius paper (an independent 
derivation is given by BarnetttJ) . Like the Landauer for- 
mula, it directly connects conductance and scattering. In 
a scattering measurement from the left side, ctt appears 
to be the QPC's inelastic cross section (since the trans- 
mitted waves never return to this side). In a current 
measurement the corresponding conductance is given by 
(prj). Our derivation was for temperature T — 0, but it 
applies at a finite T as long as (Tt does not change sig- 
nificantly over the energy range k^T. This can be seen 
by generalizing the above to include integration over the 
Fermi distribution. 

In the limit where a QEC ds adiabatic, its conductance 
is known to be quantizeduBEl: G = {2e'^/h)N where N is 
the integer number of open channels at the Fermi energy. 
Looking at (11a), this corresponds to quantization of the 
angular integral of the cross section in units of Ap. 



III. PARTIAL- WAVE CHANNEL MODES FOR A 
2-TERMINAL SYSTEM 

In free-space scattering theory, partial waves form a 
basis in which to decompose the asymptotic (r —^ oo) 
form of the full wavefunction into incoming and out- 
going states of definite angular momentum I. In 2D the 
basis functions are the cylindrical solutions to the free- 
space wave equation; the S-matrix which takes incoming 
to outgoing waves can then be written in this basisliJ. 
Because there is only a single set of incoming channels 
and a single set of outgoing channels, this is equivalent 
to a scattering system (a 'stub') connected to a single 
'lead', with an infinite number of open channel modes. 
This contrasts the open two-terminal geometry we study, 
where we need to account for two new related facts: 1) 
in the r — > cxd limit the potential V no longer preserves 
angular-momentum, and 2) there are now distinct ways 
the particle can enter and exit the system, via different 
leads. 

We define a 'half-plane partial- wave basis' as the subset 
of the cylindrical free-space solutions which go to zero on 
the entire y-axis. This gives independent basis functions 
existing on either the left or right side of the y-axis. The 
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basis is expressed in terms of Hankel function 
side 



on either 
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= Hl^Hkr)sm[l(^ ~e')] 
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where on the left (i) side 9 is the angle from the neg- 
ative X-axis and on the right (R) side 6' is the angle 
from the positive x-axis (see Fig. ^). The channel index 
is I = 1,2, •••c», and -|-(— ) refers to outgoing (incom- 
ing) travelling waves. We note that the s-wave I = 
is excluded because of the y-axis barrier, leaving the 
first channel as the p-wave Hi{kr) cos{6). Assuming the 
width of the barrier is finite and constant as \y\ ~f oo 
(see Fig. |l|a), then any wavefunction in the r ^ oo limit 
can be written as a sum of the above basis functions. 
The separability of this basis in (r, 0) is directly analo- 
gous to the separability of conventional (constant-width) 
lead basis statesB into a product of transverse modes and 
longitudinal travelling waves. 

Our basis (|l^) is chosen such that unit amplitude co- 
efficients carry equal fluxes in all incoming and outgoing 
channels, so flux conservation implies the unitarity of the 
^-matrix when written in this basis. As with a conven- 
tional transverse lead mode basis, the familiar Landauer 
formula 



G = ^Tr(itt), 
h 



(13) 



holds0fl0. The transmission matrix t is deflned by 
= J2,n^i"iPm^ where the outgoing (incoming) ampli- 
tude coefficients are {pT) the left and [q^) on 
the right. Note that is possible to 'mix and match' dif- 
ferent basis set types (for instance define a transmission 
matrix between transverse lead modes on the left side 
and partial- wave modes on the right), as long as equal- 
fiux normalisation, and transverse orthogonality, are pre- 
served. 



IV. POINT CONTACT COUPLED TO A 
RESONATOR 

Fig. ^ illustrates a QPC-plus-reflector systeni, whose 
conductance has been experimentally measurecE. The 
circular arc reflector and the vertical wall together form 
a cavity which can support long-lived resonances; the en- 
ergy of these resonances can be swept by sweeping the 
reflector gate voltage. The classical conditionO for stabil- 
ity of the cavity modes is that the arc center must lie at, 
or to the left of, the wall (a;=0). The cavity modes are 
coupled to the left terminal via the QPC, and to the right 
terminal via leakage of the modes out through the cavity 
top and bottom. The system is interesting because it is 



FIG. 2. A tunneling-regime QPC combined with a nearby 
circular reflector, forming a stable resonant cavity open at the 
sides. 

'open' in the sense that it has no Coulomb blockaded, but 
'closed' in the sense that the dwell time is much greater 
than the ballistic time (the resonances are long-lived). 
It has also been studied cecently in our laboratory using 
microwave measurementsEil. 

The actual potential in a mesoscopic experiment differs 
from the illustration: it has soft walls (on the scale l/fcp), 
it may have deviations from the circle due to lithographic 
error, and it has modulations of the background potential 
due to elastic disorderla. However, we will not be inter- 
ested in details of the resonator on the right-hand side. 
Rather, we will adopt the view of a 2D scattering-theorist 
'looking' from the left-hand side. In this section we dis- 
cuss the maximum conductance of this system, when the 
'bare' QPC (i.e. without the reflector) is in the tunneling 
regime (conductance ^ 2e^//i). 

We use an idealized slit QPC model (see Fig |l|b) in 
which the potential V is zero everywhere except along a 
hard, thin wall where it is taken as infinite. The QPC 
is a gap in the wall of size 2a. This model is highly 
non-adiabatic (see Ref. 17 for a review of its transmis- 
sion properties). The hard wall simplifies the treatment 
of the left-hand side scattering problem, and we do not 
believe it alters our basic conclusion. We consider the 
'unscattered' wave to be the incident plus reflected wave 
Eq.(|l]) when the QPC is closed (a = 0). This we expand 
in Bessel functions, 

= —4:iJi{kr) cos{9) cos(0) + higher order terms. (14) 

The first term in the expansion is the incoming plus out- 
going p-wave, which in the tunneling limit will dominate 
in our consideration of the absorptionllZI. 

Now we open the slit, and replace 2Ji{kr) in the above 

by H^\kr) + e^^^ H'\^\kr), where (i-foUows the usual 
definition of partial- wave phase shifta. The closed slit 
corresponds to (5 = 0. An open slit leading into a closed 
resonator (imagine extending the arc in Fig. ^ to seal off 
the entire right side), in the case of infinite dephasing 
length, corresponds io 5 = real, and would appear from 
the left side as an elastic dipole scatterer. An open slit 
with an open resonator corresponds to complex 5 with 
positive imaginary part, and would appear as a general 
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inelastic dipole scatterer. Therefore transmission though 
the QPC appears, to an observer on the left side, to be 
absorption of incident waves, ctt is interpreted as an 
'inelastic' cross section (since exiting the right-hand ter- 
minal is equivalent to leaving in a new channel), and 
ctr as an 'elastic' one. crT(fc,0) can be found from inte- 
grating the net incoming flux [as in Eq.(||)] of the total 
wavefunction on the left side. Substitution into ^ then 
gives (Tt(^,0) = 1(1 — |e^*''p) cos^((?!)) . For S ^ ioo the 
maximal cross section is reached. 



■ cos'^{(f>). 



(15) 



This corresponds to an effective classical— jarea' (size) 
Ocff — Af/2. This is analogous to the facto that in 3D 
the effective area of an arbitrarily-small electromagnetic 
dipole aerial can be of order A^. To an observer on the left 
side who was able to 'see' the electron waves living in the 
energy range e SV responsible for conductance, the QPC 
would stand out as a 'black dot' of size ~ Ap against the 
surrounding uniform 'grey' thermal luminosity reflected 
in the vertical wall mirror. 

The associated maximum conductance is found easily 
using (|l5|) and (|l|) to be 



h 



(16) 



the universal quantum of conductance (for 2 spin chan- 
nels), independent of the size of the QPC hole, even 
for an arbitrarily small hole (ka — > 0). This universal 
resonant-tupelliiig maximum conductance was first found 
numericallyLiESEI; however our systenj differs from those 
of Xue et alr3 and Kalmeyer et alS3 because the reso- 
nance does not involve transmission though an isolated 
(zero-dimensional) quantum dot. The dramatic increase 
over the conductance of the bare QPC (which vanishes 
as (fca)^, see Ref.EZl) runs counter to the naive classi- 
cal expectation, namely that the reflector would decrease 
the left-to-right flow of electrons because it sends back 
into the QPC particles which would otherwise exit to the 
right. 

How do we know that it is possible to build a resonant 
geometry which corresponds to 6 —^ ioo? The reflec- 
tor can be described by r, the amplitude with which it 
returns an outgoing p-wave back to the QPC as an in- 
coming p-wave. If |rp = 1 — where the p-wave 



transmission of the QPC is tn as defined in Section [I] 



then the p-wave channel becomes a ID Fabry-Perot res- 
onator with mirrors of matched reflectivity. Sweeping the 
round-trip phase then produces peaks of complete trans- 
mission (corresponding to complete p-wave absorption 
on the left side). The ratio of peak separation to peak 
width is the quality factor Q ^ l/jinp. Such peaks, 
with heights much greater than the bare tunneling QPC 
conductance, were observed in the experiments of Katine 
et al.u. However, Eq.(p^ has not yet been tested quanti- 
tatively because of the difficulty of matching the Fabry- 
Perot reflectivities in a real 2DEG experiment. Note that 



the maximum conductance ( jig ) also follows immediately 
from the Landauer formula when we realize that there 
can be complete transmission of the incoming ^=1 chan- 
nel state (from Section |l|) . j—. 

An interesting possibility arises when we realizetZI that 
higher I channels are still slightly transmitted by the bare 
QPC, when ka <C 1, even though they are increasingly 
evanescent. If the resonator has a high enough reflec- 
tivity for these modes, then addiJioDal Fabry-Perot con- 
ductance peaks will be producecOEj. The peaks may be 
extremely narrow, but can carry a full quantum of con- 
ductance because they can transmit another incoming I 
channel. By careful arrangement of the cavity, one or 
more of these peaks could be brought into conjunction 
with an already-existing ^=1 peak at the Fermi energy. 
(For instance, the 1=1 and 1=2 resonances are in different 
symmetry classes in Fig. |^ so there can be an exact level 
crossing). Therefore, we have the surprising result that, 
in theory, a conductance of (2e^/ft.)n can pass through an 
arbitrarily small QPC hole if n resonances (from n differ- 
ent channels) coincide at the Fermi energy. However, due 
to their extremely small width, such large conductance 
peaks are unlikely to be observable in a real mesoscopic 
tunneling QPC due tcvfinite dephasing length and finite- 
temperature smearingEJ. 

Finally, we should not overlook the fact that our ex- 
pressions for partial cross sections are a factor of 4 greater 
than those conventionally ^arising in 2D scattering the- 
ory from a radial potentially, because we are measuring 
cross section on the reflective boundary of a semi-infinite 
half plane. For instance, the maximum inelastic [Wr- 
tial cross section for a single channel in free spacetil is 
CTr = 1/fc, compared to our maximum 'inelastic' cross 
section per channel Eq.(|l5|). Similarly, the maximum 
elastic result in free space is Ce = 4/fc, compared to our 
maximum (normal-incidence) 'elastic' cross section per 
channel crR,max = 16/fc. This latter case occurs when 
6 = (integer -I- ^)tt. 



V. WHAT IS THE MAXIMUM CONDUCTANCE 
OF A SINGLE QUANTUM CHANNEL? 

The surprising theoretical results of the previous sec- 
tion might lead one to question the conductance limit 
2e^/h for a single quantum channel (by which we mean a 
single transverse mode for which the longitudinal degree 
of freedom is a ID Fermi gas; this includes both conven- 
tional and partial- wave basis sets). For this gedanken- 
experiment we will consider conventional electron waveg- 
uides which are single-mode and long enough that evanes- 
cent waves are negligible, but which arc also ^ l^. We 
try to encourage more current to pass down a single-mode 
channel (E) by connecting it to a reservoir via multiple 
routes (A,B,C,D), as shown in Fig ^a, where two routes 
are used on each side. It is possible to match the junc- 
tions so that a wave entering down A,B,C, or D has no 
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b) 




FIG. 3. a) An attempt to increase conductance through a 
single channel by multiple connections feeding from the reser- 
voirs. All channels are single-mode and sufficiently long that 
the evanescent tunneling of higher modes is negligible, b) An 
illustrative hard-walled exponential horn system which has 
differing acceptance angles on each side: very narrow on the 
left, and very wide on the right. Such a mesoscopic 2DEG 
system would exhibit symmetric conductance, however, in an 
atom beam context the conductance can become unsymmet- 
ric. 



reflection back along the same lead. In this case we might 
guess that the hypothetical left-side observer (from the 
previous section) would see the single-mode entrances to 
guides A and B as two 'black dots', giving twice the effec- 
tive absorption cross section, and therefore infer a con- 
ductance of twice 2e^//i. We might also justify this by 
saying that waves travelling down A and B will meet and 
continue down E, and since they have no particular phase 
relation, their currents will add to give a doubled current 
through E, as would be necessary. 

However there is a fundamental flaw in the above rea- 
soning. The ABE junction can be designed so that if 
waves come down A and B in phase, they will be adi- 
abatically transformed into the lowest transverse mode 
of E, so will propagate through to the right side with- 
out reflection, carrying a current of twice that of a usual 
single-mode guide. However, if A and B are tt out of 
phase, the same adiabatic transformation must result in 
the second transverse mode, which is evanescent. So this 
latter wave will reflect perfectly back out of the left side, 
and carry no current. Plane waves are impinging from 
the left reservoir uniformly over all angles, and because 
of the > A separation of the entrances, an average over 
angles gives an average over relative phase in A and B. 
Thus we are left with no increase above the single chan- 
nel conductance. This property of the ABE junction is 
not merely practical; rather, it is easy to show that its 
3x3 S'-matrix cannot be unitary if a junction is to couple 
both A^E and B^E with unity transmissions. Such an 
appealing junction is therefore ruled out on the grounds 



of flux conservation. A consequence is that the entrances 
to A and B can at most appear 'half black' to the ob- 
server, due to waves which enter A then exit B and vice 
versa. 

This suggests another way to try and defeat the con- 
ductance limit: direct the incoming plane waves in a nar- 
row enough angular distribution so that waves always 
come down A and B in phase, and this will double the 
conductance. (This is similar to experimentaHj where 
the series resistance of two QPCs was found to be less 
than the sum of the individual QPC resistances, because 
collimation at the exit of the first QPC illuminated the 
second with a narrow beam, increasing its conductance). 
However, this beam is no longer a thermal occupation of 
incoming states. This illustrates the inextricable link be- 
tween thermal Fermi occupation of reservoir states and 
the universal quantum of conductance. At T—0, ther- 
mal occupation at a given chemical potential difference 
implies that all quantum states lying in the appropriate 
energy range are filled in the left reservoir and empty 
in the right. Semiclassically, this corresponds to a uni- 
form distribution in phase space, or when projected into 
momentum states, uniform in angle, as exemplified by 
Eq. (pi]) . The semiclassical viewpoint allows one to see 
that since transformations in phase space cannot change 
the phase space density (Liouville's theorem), neither 
can the universal conductance per quantum channel be 
changed. This reminds us that unitarity in quantum me- 
chanics is analogous to Liouville's theorem in classical 
mechanics. 



VI. RECIPROCITY AND 'CONDUCTANCE' OF 
ATOM WAVES 



We can ask if the conductance (11) computed us- 



ing transmission of left-side reservoir plane wave states 
through the QPC is equal to that using right-side reser- 
voir states. Since the two directions correspond to op- 
posite signs of SV , then in order to have linear response 
(well-defined constant G around SV — 0) we would hope 
that they are equal. That the angular average of trans- 
mission cross section is equal from the left and right sides 
is not immediately apparent in a general asymmetric sys- 
tem. For instance, consider Fig. ||b which has a small 
acceptance angle from the left but a large from the right, 
therefore very different forms of the transmission cross 
sections a^~'^{k,(j)) and a^^^{k,(j)). 

If we assume classical motion then we can imagine a 
map from a Poincare Section (PS) (y,Py) at a vertical 
slice at 2; = —xq to another PS {y' ,Py) ai x — +xq. At 
each PS we consider only rightwards-moving {jpx > 0) 
particles, and take xq > L. A certain area of phase space 
{y,Py) is transmitted and is mapped to an equal areoEjl 
in phase space {y',p'y). Time- reversal invariance holds 
since we consider magnetic field B=0, so we can negate 
the momenta (now considering px < 0) and find that 



6 



the same phase space area is transmitted right-to-left. 
When it is realised that the angle-averaged cross section 
is proportional to the transmitted phase space area on 
a PS, then the symmetry of the angle-averaged classical 
cross sections follows. 

The same symmetry is not obvious for quantum cross 
sections, but it also holds true. Comparing (11a) with 
(|l|) gives 



7r/2 

d 

-7r/2 



(17) 



where t is measured from left to right states. It is instruc- 
tive to derive this directlyEO. This relation ties together 
the cross section and Landauer views of conductance. 
Time-xeversal invariance and flux conservation together 
implyEa that Tr(t^t^|-is unchanged by swapping the la- 
belling of the leadfl^l^E2l, thus we immediately have from 
( |l7| ) the reciprocity of angle-integrated quantum cross 
section 



r/2 i-Ti/2 

d(f>a^--^{k,(l)) = / d(t)a^-'^{k,(l)). (18) 

w/2 J-tt/2 



So in Fig. ||b is it now clear that the ratio of acceptance 
angles must be balanced by the ratio of effective areas. 

We now discuss a case in which non-thermal occupa- 
tion of incoming states is possible: the rapidly develop- 
ing field of coherent matter- wave optics, in whiciL-jpa- 
tentials are defined by mictpfabricated structurescj EiJ. 
There is a recent proposaEj for observation of quanti- 
zation of atomic flux through a micron-sized 3D QPC 
defined by the Zeeman effect potential of a magnetic 
field. The device is illuminated by a beam of atoms pass- 
ing through a vacuum, whose angular distribution is an 
experimental parameter (for instance, ajCpUimated oven 
source or a dropped cloud of cold atomsEd). The atomic 
flux transmitted (per unit fc, at wavevector k) will be 
F{k) — Gatom(fc) >/o(fc) where Jo(fc) is the flux incident 
per unit wall area, and we define the atomic 'conduc- 
tance' by 



Gatom(fc) = / dnw{k,n)a^{k,^l). 



(19) 



As before, the quantum transmission cross section 
is (TT(fcj^^), but now there is a weighting function 
w{k, n) whichj-defines the angular distribution of the 
incident beamEj. The weight has the normalization 
J dilw{k,il) cos{6) — 1. [All integrals over solid an- 
gle ri = (9, (j)) are over a range of 2ti appropriate for 
the half-sphere] . Following the analogy of ThywissenE3, 
F{k) plays the role of current, Jo(fc) that of bias voltage. 
However, the name 'conductance' does not imply any def- 
inite chemical potential difference as in the 2DEG case. 
For classical particles, the 'conductance' of an aperture of 
area A^s in a thin wall is simply Gatom(fc) = ^cff, regard- 
less of the incident angular distribution. Thus Gatom(fc) 



gives the effective area Acs of a QPC, in an analogous 
fashion to acs in 2D. 

For an integer number of quantum channels, the 2D 
quantization|-o£,|ft_ff in units of A/2 becomes in 3D the 
quantizatiorEy'tlEJ of A^s in units of A^/tt, a result well 
known from work on-SD metallic point contactsLj. As 
stated by ThywissenEJ, this accurate flux quantization 
requires the incident beam width to be much larger than 
the QPC acceptance angle. 

Eq. (^9|) is the matter- wave equivalent of Eq. ( |lla| ) , with 
the important difference that it has a general weight 
function. Possible non-uniformity of this weight func- 
tion leads to a key result: that asymmetry of the con- 
ductance is possible given identical illumination on ei- 
ther side, even though the (center of mass) motion is 
time-reversal invariant. For example, if the incident flux 
used to illuminate the horn QPC of Fig. ||b is narrow 
in angular spread, then the left-to-right conductance will 
be much larger than the right-to-left conductance. This 
contrasts with the 2DEG case where the conductance is 
always symmetric. 

Finally, it is interesting to note that for the 
non-thermal incident (reservoir) distributions discussed 
above, the Landauer formula takes the modified form 

G cx TY{thp) (20) 

where p is the density matrix of the incident beam. 



VII. CONCLUSIONS 

Quantum scattering theory in the 2D half-plane can 
provide an alternative description of the mesoscopic con- 
ductance of non- interacting particles. It is especially use- 
ful in 'open' systems {e.g. those with nearby scatterers in 
the reservoir regions) where the usual transverse-channel 
approach is inappropriate. We have considered elastic 
potentials in zero magnetic field, in linear response in the 
low temperature limit. Conductance is proportional to 
the transmission cross section integrated over all incident 
angles, Eq.(pT|). We also define a half-plane partial- wave 
basis applicable with the usual Landauer formula, and 
relate this to our transmission cross section result. A dif- 
ference between this and previous work is the ability to 
treat a direct 'leadless' connection to the reservoir. 

Using the example of a slit QPC combined with an 
open cavity structure, we show that an arbitrarily small 
QPC can carry up to a single quantum of conductance 
via resonant tunnelling (equal to the limit in the closed- 
dot resonant tunnelling case). This requires a resonance 
at the Fermi energy. If n coincident resonances occur for 
different incoming channels, then n conductance quanta 
can in theory be achieved through this same tunneling 
QPC, a result which we believe has not been noted until 
now. 

We emphasize that conductance is proportional to 
phase-space density of the reservoir states. Therefore 
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the universal quantum of conductance /h per spin in 
Fermi gas systems is a direct result of the uniform phase- 
space density (angular distribution) in a thermal occu- 
pation of the Fermi sea. This insight is supported by 
discussion of attempts to exceed this universal value. 
When the reservoir occupation differs from thermal, the 
conductance formula requires generalization: an angle- 
dependent weight is included in the cross section integral 
(p^); equivalently for 2DEG systems the Landauer for- 
mula requires inclusion of the incoming ensemble (20). 
This result, and our approach in general, is relevant to 
the emerging field of matter-wave conductance by micro- 
fabricated structures (for instance, a quantum point con- 
tact in 3D), under general illumination by atom waves. 
We hope this work provides new tools for the study of 
coherent electron and matter- wave systems. 
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